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We introduce a new class of continuous-variable (CV) multipartite entangled states, the CV
cluster states, which might be generated from squeezing and kerr-like interaction HI = hχXAXB .
The entanglement properties of these states are studied in terms of classical communication and
local operations. The quantum teleportation network with cluster states is investigated. The graph
states as the general forms of cluster states are presented, which may be used to generate CV
Greenberger-Horne-Zeilinger states by simply local measurements and classical communication. A
chain for one-dimensional example of cluster states can be readily experimentally produced only
with squeezed light and beamsplitters.
Entanglement is the most fascinating features of quan-
tum mechanics and plays a central role in quantum in-
formation processing. In recent years, there has been an
ongoing effort to characterize qualitatively and quantita-
tively the entanglement properties of multiparticle sys-
tems and apply then in quantum communication and in-
formation. The study of multipartite entangled states
in discrete variable regime have shown that there exist
different types of entanglement, inequivalent up to lo-
cal operations and classical communication[1] (LOCC).
For example, it is now well known that the Greenberger-
Horne-Zeilinger (GHZ) and W states are not equivalent
up to LOCC. Recently, Briegel and Raussendorf intro-
duced a special kind of multipartite entangled states, the
so-called cluster states, which can be created via an Ising
Hamitonian[2]. It has been shown that via cluster states,
one can implement a quantum computer on a lattice of
qubits. In this proposal, which is known as “one way
quantum computer”, information is written onto the clus-
ter and then is processed and read out from the cluster
by one-qubit measurements[3].
In recent years, quantum communication, or more
general quantum information with continuous variables
(CV) has attracted a lot of interest and appears to yield
very promising perspectives concerning both experimen-
tal realizations and general theoretical insights[4], due to
relative simplicity and high efficiency in the generation,
manipulation, and detection of CV state. The investiga-
tion of CV multipartite entangled states has made signif-
icant progress in theory and experiment. The quantifi-
cation and scaling of multipartite entanglement has been
developed by the different methods, for example, by de-
termining the necessary and sufficient criteria for their
separability[5, 6, 7], by the entanglement of formation[8].
Multipartite quantum protocols were proposed and per-
formed experimentally such as quantum teleportation
network[9], controlled dense coding[10] and quantum se-
cret sharing[11] based on tripartite entanglement. The
study of entanglement properties of the harmonic chain
has aroused great interest[12], which is in direct anal-
ogy to spin chain with an Ising interaction. Further-
more CV entanglement swapping has been demonstrated
experimently[13], in which a four-partite entangled state
may be generated. To date, the study and application of
CV multipartite entangled states mainly focused on CV
GHZ-type states. However,the richer understanding and
more definite classification to CV multipartite entangled
states are needed for developing CV quantum informa-
tion network. In this letter, we introduce a new class of
CV multipartite entangled states - the CV cluster-type
states, which is different from CV GHZ-type states. We
propose an interaction model to realize CV cluster-type
states and compare these states to GHZ-type states in
terms of LOCC.
We consider N -mode N -party described by a set of
quadrature operators R = (X1, Y1;X2, Y2, ...;X1, Yn)
obeying the canonical commutation relation [Xl, Yk] =
iδlk. The Kerr-like interaction Hamiltonian is em-
ployed with the form HI = hχXlXk, so in this pro-
cess quadrature-amplitude (“position”) and quadrature-
phase (“momentum”) operators are transformed in
Heisenberg picture according to the following expres-
sions:
X ′l = Xl, Y
′
l = Yl + gXk, (1)
X ′k = Xk, Y
′
k = Yk + gXl,
where g = −χt is the gain of the interaction, χ and t are
the Kerr nonlinear coefficient and the interaction time
respectively. The important feature of this Hamiltonian
is that the momentum Yl and Yk pick up the informa-
tion of the position Xk and Xl respectively, while po-
sition keep unchanging. The Kerr-like interaction be-
tween light was widely investigated in many previous
experiments[14] and recently, has been experimentally
observed between the light and collective spin of atomic
samples[15, 16].
Considering first the one-dimensional example of a
chain of N modes which are numbered from 1 to N
2with next-neighbor interaction. Initially, all modes are
prepared in the quadrature-phase squeezed state Xl =
e+rX
(0)
l , Yl = e
−rY
(0)
l , where r is the squeezing pa-
rameter and a superscript “(0)” denotes initial vacuum
modes. Applying the Kerr-like interactions to next-
neighbor modes of a chain at the different time or the
same time yields a CV cluster-type state in the form
XC1 = e
+rX
(0)
1 , Y
C
1 = e
−rY
(0)
1 + e
+rX
(0)
2 , (2)
XC2 = e
+rX
(0)
2 , Y
C
2 = e
−rY
(0)
2 + e
+rX
(0)
1 + e
+rX
(0)
3 ,
· · ·
XCi = e
+rX
(0)
i , Y
C
i = e
−rY
(0)
i + e
+rX
(0)
i−1 + e
+rX
(0)
i+1,
· · ·
XCN−1 = e
+rX
(0)
N−1, Y
C
i = e
−rY
(0)
N−1 + e
+rX
(0)
N−2 + e
+rX
(0)
N ,
XCN = e
+rX
(0)
N , Y
C
i = e
−rY
(0)
N + e
+rX
(0)
N−1.
Here, without loss of generality, we put the gain of the in-
teraction g = 1. For simplicity we discuss the properties
of CV cluster-type states in the ideal case r →∞ corre-
sponding to infinite squeezing. When N = 2, one obtains
the state with total position XC1 + X
C
2 → 0 and rela-
tive momentum Y C1 − Y C2 → 0 by applying a local −900
rotation transformation XC → Y C , Y C → −XC on
mode 2, which corresponds to Einstein-Podolsky-Rosen
(EPR) or two-mode squeezed states. The entanglement
of a state is not affected by local unitary transforma-
tion. It obviously exhibits maximum bipartite entan-
glement. Similarly, one obtains the state for N = 3
with total position XC1 + X
C
2 + X
C
3 → 0 and relative
momentum Y Ci − Y Cj → 0 (i, j = 1, 2, 3), which corre-
sponds to CV three-mode GHZ-like states[9]. However,
quantum correlation of position and momentum of the
state for N = 4 case become XC1 + X
C
2 + X
C
3 → 0,
XC3 +X
C
4 → 0and Y C1 −Y C2 → 0, Y C2 −Y C3 +Y C4 → 0 by
applying a local −900 rotation transformation on modes
2 and 4. Apparently, CV four-partite cluster-type state
is not equivalent to a GHZ-like state with total posi-
tion XC1 +X
C
2 +X
C
3 +X
C
4 → 0 and relative momentum
Y Ci − Y Cj → 0 (i, j = 1, 2, 3, 4). More generally, CV N -
partite cluster-type states and GHZ-type states are not
equivalent for N > 3, as we shall see below.
We now compare the entanglement properties of CV
cluster and GHZ-type states by LOCC in the limit of in-
finite squeezing. First, we discuss the persistency of en-
tanglement of an entangled state of N -partite that means
the minimum number of local measurements such that,
for all measurement outcomes, the state is completely
disentangled[2]. An explicit strategy to disentangle CV
cluster-type state (2) is to measure position of all even
number parties, j = 2, 4, 6, · · · , then displace momen-
tum of the remaining (unmeasured) parties with the mea-
sured results, such as momentum of partite 1 displaced
as Y ′C1 = Y
C
1 − XC2 = e−rY (0)1 by measured result XC2
of partite 2; partite 3 as Y ′C3 = Y
C
3 −XC2 −XC4 by 2, 4.
It is obvious that the remaining parties become origi-
nally prepared quadrature-phase squeezed state that are
a product state and completely unentangled. Thus the
minimum number to disentangle cluster state is integer
part[N/2]. For the GHZ state, in contrast, a single lo-
cal measurement suffices to bring it into a product state.
From this point of view, it is impossible to destroy all the
entanglement of the cluster if less than integer part[N/2]
parties are traced out (discarded). But only if one partite
for GHZ state is traced, the remaining state will be com-
pletely unentangled. Note that it is not true in the case
of finite squeezing. For example, if three weakly squeezed
vacuum states are used to generate tripartite GHZ state,
the state is a fully inseparable tripartite entangled state,
but the remaining bipartite state after tracing out one of
the three subsystems is still entangled[9, 10].
Next, we investigate the entanglement property by the
quantum teleportation network. In other words, we will
answer the question that how many parties to be mea-
sured from N -partite entangled state may make bipartite
entanglement between any two of N parties “distilled”,
which enables quantum teleportation. We first show that
the parties at the ends of chain, i.e., party 1 and N , can
be brought into a bipartite entanglement by measuring
the parties 2, . . ., N − 1. After measurement of momen-
tum of party 2, the remaining parties are identical to
an entangled chain of length N − 1 when one displaces
the position of party 1 as X ′C1 = X
C
1 − Y C2 by measured
result Y C2 of partite 2, then applies a local rotation trans-
formation XC → −Y C , Y C → XC on party 1. We can
repeat this procedure and measure party 3, and so on.
At the end, party 1 and N are brought into a bipartite
entanglement. To bring any two party j, k (j < k) from
the chain {1, 2, . . . , N} into a bipartite entanglement, we
first measure position of the “outer” parties j − 1 and
k + 1, then displace momentum of parties j and k as
Y ′Cj = Y
C
j −XCj−1 and Y ′Ck = Y Ck −XCk+1, which projects
the parties j, j+1, . . . , k into an entangled chain of length
K − j + 1. This process is called “disconnection” that
break a chain into parts, for example, one breaks a chain
into two independent chains when measuring position of
party j and displacing momentum of parties j−1 and j+1
as Y ′Cj−1 = Y
C
j−1 −XCj and Y ′Cj+1 = Y Cj+1 −XCj . A subse-
quent measurement of the “inner” parties j+1, . . . , k−1
will then project parties j, k into a bipartite entangle-
ment, as shown previously. Note that the assistance of
all the “inner” parties is necessary to bring any two party
from the chain into a bipartite entanglement, however,
for the “outer” parties it depends on which strategy is
chosen. The optimum strategy as shown previously is to
measure next-neighbor parties j−1 and k+1. The other
strategies may be with the help of parties j−2, j−3 and
k + 2, k + 3, or j − 2, j − 4, j − 5 and k + 2, k + 4, k + 5,
et.al. For the N -partite GHZ state, in contrast, bipar-
tite entanglement between any two of the N parties is
generated with the help of local position measurement of
3N − 2 modes[9].
In the following we will generalize one-dimensional CV
cluster to graph states that correspond to mathematical
graphs, where the vertices of the graph play the role of
quantum physical systems, i.e. the individual modes and
the edges represent interactions. A graph G = (V,E) is
a pair of a finite set of n vertices V and a set of edges E,
the elements of which are subsets of V with two element
each[17]. We will only consider simple graphs, which are
graphs, that contain neither loops (edges connecting ver-
tices with itself) nor multiple edges. When the vertices
a, b ∈ V are the endpoints of an edge, they are referred
to as being adjacent. An {a, c}-path is a order list of ver-
tices a = a1, a2, . . . , an−1, an = c, such that for all i, ai
and ai+1 are adjacent. A connected graph is a graph that
has an {a, c}-path for any two a, c ∈ V . Otherwise it is
referred to as disconnected. The neighborhood Na ⊂ V
is defined as the set of vertices b for which {a, b} ∈ E.
In other words, the neighborhood is the set of vertices
adjacent to a given vertex. The CV graph states with a
given graph G are conveniently defined as
XGa = e
+rX(0)a , Y
G
a = e
−rY (0)a + e
+r
∑
b∈Na
X
(0)
b , (3)
for a ∈ V.
Equation (3) can be used to generalize some of the en-
tanglement properties from the 1D case to graph states.
To bring any two parties on sites a, b ∈ V into a bipar-
tite entanglement, we first select a one-dimensional path
P ⊂ V that connects sites a and b. Then we measure all
neighboring modes surrounding this path in the position
component. By this procedure, we project the parties on
the path P into a state, that is up to local displacement
on the momentum with measured results, identical to the
linear chain Eq.(2). We have thereby reduced the graph
states to the one-dimensional problem.
Entanglement is regarded as a resource for quantum
information and thus the question arises which states
can be obtained from graph states by local operations
and classical communication. Here, we find the CV GHZ
states of the subset of parties V ′ ⊂ V can be obtained
from graph states of the special form: star and ring+star
by LOCC as shown in Fig.1. For the simple case of
star structure as in Fig.1a, we only need to measure
momentum of the central party, then displace position
of only one of remaining parties as X ′G1 = X
G
1 − Y G0 .
Apparently, CV GHZ state is generated with total posi-
tion X ′G1 + X
′G
2 + . . . + X
′G
8 → 0 and relative momen-
tum Y ′Gi − Y ′Gj → 0 (i, j = 1, 2, . . . , 8). The case of
star+ring structure as in Fig.1b may be reduced to the
case of Fig.1a by disconnection operation on the circled
parties in the ring. However, the cases for Fig.1c and
d are completely distinct from the previous cases. For
the case in Fig.1c, after measuring momentum of the cir-
cled partes, we displace momentum of only one of re-
maining parties with measured result of central party as
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FIG. 1: Generation of a CV GHZ state from graph state in
the form of ring+star. The solid parties are projected into a
CV GHZ state by measuring the circled parties in the appro-
priate basis and by subsequent local displacement.
Y ′G1 = Y
G
1 − 2Y G0 and position of remaining odd parties
with measured momentum of even parties in the ring
as X ′G1 = X
G
1 , X
′G
3 = X
G
3 − Y G4 + Y G6 − Y G8 + Y G10 =
XG1 −e−r(Y (0)4 −Y (0)6 +Y (0)8 −Y (0)10 ), X ′G5 = XG5 +Y G2 −Y G4 ,
X ′G7 = X
G
7 −Y G8 +Y G10 , X ′G9 = XG9 +Y G2 −Y G4 +Y G6 −Y G8 .
Thus we obtain CV GHZ state with total momentum
Y ′G1 + Y
′G
3 + Y
′G
5 + Y
′G
7 + Y
′G
9 → 0 and relative position
X ′Gi − X ′Gj → 0 (i, j = 1, 3, . . . , 9). But CV GHZ state
can not be generated from the case in Fig.1d. In fact,
Nmring measured results of circled parties in the ring cor-
respond toNmring linear algebraic equations. One ofN
m
ring
equations is a linear combination of the others (which is
called degeneracy) when Nmring is even, and all equations
are linearly independent when odd. Hence, the case for
the odd number of measured parties in the ring can be
projected to GHZ state and the case of the even number
can not.
We briefly mention that, to embody Eq.(2) and (3),
we can use the off-resonant interaction of linearly po-
larized optical buses with N ensembles of atoms (con-
fined in vapor cell), providing the Hamiltonian HOA =
hχXOXA. Here, XO (XA) is the position operator of
the bus (atomic ensemble). First, we prepare the spin-
squeezed atomic ensembles by means of Kerr-like inter-
action HOA and projection measurement on light[15, 18].
In the second step, the Kerr-like interaction HAlk =
hχ′XAlXAkbetween ensembles can be implemented by
first letting a optical bus interact with ensemble l, then
applying 900 rotation transformation on the optical bus,
then letting the optical bus interact with ensemble k,
then applying −900 rotation transformation on the opti-
cal bus, and finally letting the optical bus interact with
ensemble l.
Stimulating opportunities also come from the exper-
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FIG. 2: A schematic diagram of generating a chain by means
of squeezed light and beamsplitters.
imental demonstration of CV entanglement swapping
demonstrated[13], in which a four-partite entangled state
may be generated. Here we show a chain for one-
dimensional example of cluster states can be readily
experimentally produced only with squeezed light and
beamsplitters as shown in Fig.2. A chain emerges from
a sequence of N − 1 50% beam splitters and −900 rota-
tions with N inputs of squeezed states. By choosing the
squeezing direction of one distinct input mode orthogonal
to that of the remaining input modes (mode 1 squeezed in
momentum and the other modes squeezed in position as
shown in Fig.2). For example, the quantum correlation
of position and momentum of CV chain states for N = 4
case become
√
2XC1 +X
C
2 +
√
2XC3 → 0, XC3 +XC4 → 0
and Y C1 −
√
2Y C2 → 0,
√
2Y C2 −Y C3 +Y C4 → 0 by applying
a local −900 rotation transformation on modes 2 and 4.
We see the quantum correlation of CV chain states gen-
erated by squeezed light and beamsplitters is equivalent
to that of Eq.(2), although the factors in quantum corre-
lation are different. Note that the beamsplitter operation
only is used to connect vertices one by one for generating
one-dimensional cluster states, which can not be used to
connect two chains together or generate graph states.
In conclusion, we have introduced a new class of CV
multipartite entangled states. We have proposed an in-
teraction model to realize CV cluster-type states and
compared these states to GHZ-type states in terms of
LOCC. Those states are different with GHZ states and
the entanglement of the states is harder to be to destroy
than GHZ states. The set consisting of measured parties
for distilling bipartite entanglement from any pair of N
parties depends on where they lie in the cluster. We have
generalized one-dimensional CV cluster to graph states.
The graph states can be regarded as a resource for other
multipartite entangled states, such as GHZ states. To
embody CV cluster states, we have described the exper-
imental setups of atomic ensembles and squeezed light
that offer nice perspectives in the study of CV multipar-
tite entangled states. Cluster states for CV multipartite
entanglement may be applied to multipartite quantum
protocols and are of practical importance in realizing
more complicated quantum computation and quantum
communication among many parties.
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